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Abstract—This series of two papers has the following objective : (1) To draw attention to the usefulness of the

Reynolds flux concept in engineering analysis, to compare the various theories of previous workers, and to

present some novel developments. (2) To show how the concept can be applied to predict pressure gradients

in forced convection boiling, flashing and condensation. This analysis is also related to the mechanisms of
entropy production in two-phase flow.

NOMENCLATURE
Spalding parameter equation (56);
concentration ;
concentration of non-condensables;
specific heat at constant pressure;
friction factor;
heat-transfer coefficient;
mass-transfer coefficient ;
molecular weight;
mass flux;
mass flux due to evaporation, condensa-
tion, injection or suction;
probability of velocity (u);
pressure or partial pressure;
heat flux;
universal gas constant ;
temperature ;
normal velocity characterizing mixing;
main stream velocity;
mean normal velocity due to mass
transfer;
normal velocity imposed on mixing
pattern due to mass transfer;
any conserved property;
Prandt]l number;
Schmidt number.

Greek symbols

fraction of area occupied by steam
approaching the wall;

&, Reynolds flux;

€,  Reynoldsflux towardswall or interface;

g5, Reynolds flux away from wall or inter-
face;

&, mixing flux in the presence of mass
transfer;

1, dimensionless parameter;

o density;

T,,  wall shear stress.

Subscripts

a,b, components a and b;

¢, concentration ;

e energy;

m,  with mass injection, or property of
injected stream;

0, without mass injection;

D, momentum ;

Ss main stream;

W, wall.

The prefix A denotes a definite difference (e.g.

AT Ao).
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INTRODUCTION

MODERN engineering analysis usually starts
from some very general scientific laws and is
developed in a deductive, logical and consistent
mathematical sequence. This is in contrast with
the traditional approach in which some simple
special cases were first examined, usually in
conjunction with experimental data, and were
used as a basis for successive developments to
more sophisticated levels of analysis. The
justification for the newer method is that it
reduces the risk of neglecting significant effects
in an attempt to force a problem to conform
to a particular simplified model which may be
inappropriate. However, the danger of the
general approach is that its disciples are often
quite helpless when confronted with *“‘compli-
cated” situations in which the equations give
rise to enormous mathematical difficulties. An
emphasis on mathematical rigor may well
tend to suppress the very flights of imagination
which can lead to the way out of the difficulty.
The present status of theories of turbulence
is perhaps an example of such a situation.
Even more typical of this class of problems are
those in which heat, mass and momentum
transfer occur simultaneously in systems of
complex geometry when several phases are
present in a variety of flow patterns.

In these two papers an attempt will be made
to show the utility of exploiting the simplest
level of sophistication which will describe
convective transfer phenomena. Some novel
theoretical developments will be offered. In
particular, the results will be used to develop
new techniques, for handling problems of two-
phase flow, boiling, flashing and condensation.

The basic ideas which will be used go back
almost one hundred years to the work of
Reynolds [1] who suggested a theory relating
friction and heat transfer in turbulent flow. Half
a century later a significant contribution was
made by Nusselt [2] who extended the applica-
tion of these concepts to combustion processes.
In the last two decades Silver [3, 4, 5] has
exploited the methods extensively and Spalding
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[6] has based an entire monograph on them.
Applications to two-phase flow [7, 8, 9] are of
very recent date. Moreover, some of the simplest
developments which will be made in this paper,
based on the superposition of lateral velocities,
appear to have received no previous attention.

In essence the “Reynolds flux” concept
postulates transverse mixing velocities in order
to account for transport phenomena in a one-
dimensional flow model. This simple-minded
view is consistent with the level of analytical
sophistication which is accorded to the main
flow. Clearly it cannot be expected to compete
in accuracy with more eclaborate techniques.
However, the results of these more exact
calculations can usually be expressed in terms
of the parameters which characterize the simpler
model. These more accurate solutions for
particular cases can then be presented as
improvements over the more general, but
approximate, results.

One may well wonder why the Reynolds flux
has not received wider attention. It is often
regarded as an ““analogy” which is academically
interesting but inaccurate. This attitude is
opposed by the contention that the concept is
both the logical outcome of choosing a lumped-
parameter description of the flow and is also
the macroscopic equivalent of the diffusion
laws for describing irreversible processes. The
interested reader will perhaps incline more
towards the latter opinion after reading these
papers.

Finally, since no scientific work is ever
complete, it is hoped that parts of these papers
will stimulate further developments in a fas-
cinating area of research which is still chronically
short of useful basic analytical techniques.

THEORY
The concept of a lateral mixing flux
The analysis of fluid flow is often based on a
“one-dimensional” idealization in which the
flow is assumed to be characterized by a uniform
average velocity V. This method of analysis is
generally satisfactory as long as the walls of the
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duct do not diverge significantly and lateral
variations across the flow are not important.

Since the purely one-dimensional model
cannot in any way account for heat, mass and
momentum transfer normal to the direction of
flow, some additional concept must be intro-
duced if these phenomena are to be considered.
It is well known that these effects can be des-
cribed by a suitable definition of friction factor,
£, heat-transfer coefficient, h, and mass-transfer
coefficient h; while retaining the one-dimen-
sional (lumped-parameter) description of the
flow. The wall shear stress, heat flux and mass
transfer are then

1, = f/2 pV? (1)
g=hAT A
m=hpA, 3)

If there is a coupling between these processes
or if the rate of mass transfer is large the equa-
tions are more complicated.

Equations (1-3) give operational definitions
of f, h and hp, whatever the detailed fluid
mechanics may be.

Most authors introduce the Reynolds flux
concept by making particular reference to
turbulent flow. It is assumed that the mixing
processes can be idealized and viewed in terms
of a lateral mass flux, ¢,, which leaves the main
flow, shares its momentum, energy and composi-
tion with a layer close to the wall and then
bounces back into the main stream again. The
relation which is often Reynolds “analogy” is
then readily found to be

= php. “)

Although this result is usually deduced from
a very simple-minded model for turbulence it
should be appreciated that the actual concept of
a “lateral mixing flux” implies no distinct
hydrodynamic mechanism. Since energy, mo-
mentum and species are ultimately all properties
of the individual molecules, one might as well
regard g, as resulting from a net molecular
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flux across the boundaries of a control surface,
by whatever means may be appropriate.

An alternative approach to the Reynolds flux
can be made from the point of view of transverse
velocities in the flow [9]. Again, it does not
matter whether these velocities are the result
of molecular motion or of the flow of particles
of fluid. The simplest approach is to postulate
transverse average velocities of magnitude u,.
On the average one half of the transverse flow
will be approaching the wall with velocity u,
and one half will be leaving with this velocity.
An idealized representation of this state of
affairs is shown in Fig. 1. The relationship
between ¢, and u, is

g, = 3P, (5)

Substituting (5) into (4) we obtain

Uy =fV =—=2h, (6)

The friction factor could therefore be regarded as
the ratio between the lateral fluctuating velocity
and the main stream velocity.

.| b

e

2
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FiG. 1. Idealized transverse velocity model of the Reynolds
flux. g, = 3pu,.

It is quite possible that under some circum-
stances the mixing pattern may be “lop-sided”
with unequal velocities towards and away
from the wall. If the fraction of the transverse
area which is occupied by the stream which
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approaches the wall is §, then the appropriate
mixing velocities are

u,/2p
u,/2(1 — p) away from the wall.

towards the wall,

Alternatively there may be a stagnant area which
does not participate in the mixing process, in
which case both transverse velocities could be
increased by the factor 1/8.

Equations (4) and (6) define what is apparently
the simplest analytical model which will account
for transfer phenomena in convection. An
improved empirical modification which in-
troduces no greater level of sophistication but
accounts for the different rates of transport of
mass, momentum and energy is due to Chilton
and Colburn [10] in the well-known form

u,=fV = Z—hPr‘} = 2hp Sct. (7
pc,
Equation (7) is approximately valid for both
laminar and turbulent boundary layers and for
developed turbulent flow except where form
drag is appreciable or when the Prandtl and
Schmidt numbers are very far from unity.

Another approach at this point is to define
separate transverse velocities for the three
processes, such that the simple model is valid
for each. Using subscripts p, e and ¢ to denote
momentum, energy and composition we then
have

uy), = fV (8)

)y = 2 o)
pcy

(ug)y = 2hp. - (10)

It follows from (7) that these velocities are
related by the equation

(Up)y = (ue), Pr¥ = (u), Sc*. (11)

Evidently, ascribing only one value to the
transverse velocity for each process amounts
to a considerable idealization. In fact a whole
spectrum of transverse velocities will exist.
In laminar flow they result from molecular

G. B. WALLIS

motion, whereas in turbulent flow they involve
the motion of macroscopic quantities of fluid.
One way to account for these phenomena is to
increase the level of sophistication and to
consider two- and three-dimensional effects. A
common practice is to use boundary-layer
theory. The disadvantage of these more sophisti-
cated techniques is that increased accuracy is
bought at the expense of increased complexity.
Specific solutions have to be generated for each
change in geometry.

The alternative procedure is to retain the
onc-dimensional idealizations as long as possible
while seeking ways to account for velocity
fluctuations. If u, is regarded as the average or
“expected” value of the transverse velocity,
and it is admitted that all values of this velocity
have some finite probability of occurring a
least-prejudiced probability distribution can
be generated, following the methods of Jaynes
[11] and Tribus [12] and is found to be [9]

pu)du = l—‘l—exp (— u/u,) du. (12)
o
In this equation “u” is to be interpreted as the
magnitude of the velocity, since there is no
reason for assuming that the inwards and out-
wards fluxes are in any way different.

We note at this point that the result which
was obtained in equation (12) contains a
subjective element. If we had chosen, for
example, to characterize the fluctuating veloci-
ties with some mean energy, the result would
have been a probability distribution propor-
tional to exp [ — nu®/(u?),] where (u?), repre-
sented the mean of the velocity squared. This
latter model is consistent with the kinetic
theory of gases. In the present instance, however,
the average transverse velocity is the basic
quantity, both from the conceptual and the
experimental viewpoint.

Perhaps equation (12) could be regarded as
describing the most “random” transfer process
whereas the most orderly process would only
allow values of +u, and —u, each with
probability one half.
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The choice of a probability distribution, such
as is given by equation (12), makes no difference
to equations (6) and (7) but will be found to be
of importance when considering the effect of net
mass transfer, suction, injection and phase
change.

The effect of net mass transfer

One might expect that there would be some
interaction between any directional mass trans-
fer flux “m” and the fluctuating components of
the Reynolds flux. Assuming, for the moment,
that the material which is being transferred is
the same as that which is in the main stream, we
can define a transverse velocity, », by the
equation

m = po. (13)

For example, if gas were continuously injected
through a porous wall at a rate m per unit time,
its average velocity on leaving the wall would
be v. If the mixing process, which is characterized
by the velocity u, is unchanged in its structure
by the presence of net mass transfer, then the
stream which approaches the wall will acquire
a speed 4 — v and that which leaves will have a
corresponding speed u + v, as shown in Fig 2.

4
—_—

v =¥
Uyt ¥ R4
“‘ t -
i

i 1 i
{ ¢ ATV -~
v 4
F1G. 2. Superposition of a velocity, v, due to injection (or

evaporation) on the transverse velocities,u,.&; = 3p(u, — v);
1
&2 = 3plU, + 1).

In the simplest model in which u is put equal
to u, it is readily seen that the flux of matter
which travels from the stream to the wall is
reduced to the value

1 = 2plu, — 1) (14)
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whereas the total rate of mass transport from
the wall to the stream is now

& = 3p(u, + 0). (13)

Substituting for u, and v from (13) and (5) into
(14) and (15) we find

& = & — m/2 (16)

& = &+ m/2. (17

In the case of a “lop-sided” mixing pattern the
equivalent results are

& = g~ Pm (18)

(19)

The above results are equally valid for positive
or negative values of m as long as the algebraic
sign conventions are preserved.

Using the same analytical model but employ-
ing the probability distribution given by equa-
tion {12) and assuming a symmetrical mixing
pattern we obtain[9]

g, =6+ (1 - fm.

oo

& = %p [ (u — v) plu) du

b

(20)

or

@K

g = pf u2; Yexp (— u/u,) du.

o

o3y

v

Performing the integration leads to the result

& = poLexp(— vfu,). (22)

Similarly, for the total outgoing flux we have

v

g, = pf“z;' vexp(— u/u,) du

0

o0

+p bf T Vexp(~upu)du  (23)
Uo
which gives, on integration
&y, = pv + p%’ exp (— v/u,). (24)
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Substituting for u, and v as before gives
(25)
(26)

£, = g, exp(m/2e,)
g, = m + g, exp (— m/2¢,).

In this case one cannot simply reverse the sign
of m in order to obtain the equivalent result for
mass transfer towards the wall. The same
conclusion is reached if one chooses other
continuous probability distributions.

There are two paths which the analysis can
now take. The first is to treat positive and nega-
tive values of m with the same basic model but
to derive different equations for each case; the
second is to seek a new level of conceptualization
which will enable the powerful property of
symmetry to be retained. The “‘best” choice
will of course, depend on the nature of the
particular problem which one wishes to solve.

Looking at the situation which is represented
by Fig. 2 and the pairs of equations (16) and (17),
(18) and (19) or (25) and (26), it is clear that the
basic cause of asymmetry is that the flux “m” is
unidirectional. If m is subtracted from ¢, in
each case the result is the same as £,. We can
therefore regard the transport phenomena as
made up of two superimposed processes—a
“flow” and a “transfer”. The flow is given by
the flux m and transports matter, energy and
molecular species irrespective of whatever the
mixing process may be. The “transfer” is due
to a mixing process characterized by a two-way
flux which we may call g,. For a symmetrical
mixing process we find, from (16) and (17), that

8m=80—~1%1l.

27
It seems unlikely that ¢, can ever be negative,
therefore for values of |m/s,| greater than 2 we
have

m > 2g,; g, = 0. (28)
Alternatively, from (25) and (26)
£ = &, €xp (m|/26,). (29)

In cases in which heat, mass and momentum
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transfer are characterized by different “mixing
velocities” equations (27 and (28) become

(U = (U, — lvl (30

or

(U = (1, €xp [ [v]/(u)a] €29)

in which u, denotes the appropriate transfer
velocity (u,, u, or u, for example).

A striking example of these results is that the
mixing process is reduced to exactly the same
degree by either positive or negative values of m.
Thus, although the fluxes ¢, and &, are continu-
ous functions as m passes through zero, ¢,
passes through both a maximum and a discon-
tinuity (Fig. 3). This point does not appear to
have received adequate attention from workers
in this field in the past.

For example, Fig. 3 shows the effect of suction
on wall shear stress in a laminar boundary layer
from the work of Iglisch [13]. The results are
plotted in two ways. The shear stress is given,
using the Reynolds flux model, by the expression

(32)

The ratio between the shear stresses with and
without suction is

1, = Ve, = Vg, + m).

Ty & _ Emtm
TU B 80 B s0 (33)
Using equation (29) we obtain
m _m
6 + €xp ( 280) (34)
whereas equation (27) gives
o144 for m<2e,
80 e0
(35)
h nm for m > 2¢,.
g & ‘

Alternatively we may subtract m/e, from equa-
tion (33), plot the results in terms of &,/s,, and
compare with equations (27) and (28} directly.
For comparison, some resuits of the effect of
injection on wall shear stress in both laminar
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and turbulent boundary layers on a flat plate The effect of molecular weight

are shown in Fig. 4, which is reproduced from The very simple-minded analysis which is
[14]. Also shown on this graph are the theo- presented above can presumably be modified
retical predictions of Spalding [equation (57)] in many ways to account for the effects of Mach
and Kutateladze and Leontiev [equation (58)]. number, finite temperature differences, Prandtl

FiG. 3. The effect of suction or injection on the parameters &,/¢,, €,/¢, and
Ep/Eo
x  Results of Iglish [13];
Equations (16), (17),(27) and (35);
— — — Equations (28) and (35);
— +» — - Equations (29) and (34).

FiG. 4. Effect of injection on wall shear stress.

— — — Equation (29), Equation (27).

------- Equation (58), — . — Equation (57),
(O Hartnett and Eckert [20] laminar boundary layer, flat plate;
A Hartnett and Eckert [20] laminar stagnation flow;
<1 Torii, Nishiwaki and Hirata [21] turbulent boundary layer, flat plate, Reynolds number = 10°;
+ Torii, Nishiwaki and Hirata [21] turbulent boundary layer, flat plate, Reynolds number = 107;
¥V Olson and Eckert [22] injection into turbulent pipe flow.
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and Schmidt numbers which differ from unity,
chemical reactions and numerous other pheno-
mena. For example, suppose that the gas which is
being transferred or injected has a molecular
weight which differs from the molecular weight
of the main stream. Let the temperature and
pressure be everywhere uniform, Then, if the
perfect gas laws are obeyed, the density of the
injected gas will be related to the density of the
main flow by the ratio of the molecular weights,
as follows

Pn _ My,

> =M {36)
Equation (13) now becomes
m=p % v. 37)

If one assumes the same superposition of
normal velocities as before, the following result
is readily obtained,
I M

g, =&, 2Mm{m[. (38)
Equation (38) appears to be approximately valid
for laminar flows and can be related to the
accepted formulae for molecular diffusion by
the methods which will later be given in
“Example 2”. In turbulent flows, however, it
appears to be more accurate to consider momen-
tum conservation normal to the wall. If the
directional momentum flux which is given to
the recirculating flow is put equal to the in-
jected momentum flux we have

(39)

in which ¢’ is now the velocity which is to be
superimposed on the mixing pattern rather than
v. Rearrangement of (39) gives

v = v/ (ow/P)-
The recirculating mass flux is now
Em = p/2(u, — V) = &, — 3mJ(p/p,) (41)
or, in terms of molecular weight ratio
=&, — 3mJ(M/M,).

mv = pv'?

(40)

42)

G. B. WALLIS

For example, the shear stress on a wall through
which mass injection is occurring is reduced to

the value
(43)

The ratio between this shear stress and the
shear stress which would exist without injection
is, from (42)

Im g
‘CO

T, = Ve,.

—$2JM/M,). (@)
Equation {44) is compared with the results of
Pappas and Okuno [16], for a free stream Mach
number of 0-3, in Fig. 5. Also shown is the
prediction which would result from the prob-
ability distribution given in equation (12),
namely

_T_»f — exp [.. %Z—:\/(M/Mm)]. (45)

T

Figure 6 shows the effect of molecular weight
on the “‘critical velocity” at which the shear
stress goes to zero. The ordinate is the ratio of
the critical velocity to the critical velocity which
is obtained with equal molecular weight. Also
shown in this figure are the predictions of
several different theories of Kutateladze and
Leontiev [15]. According to the present theory
[equation (40)] this velocity ratio should equal
the square root of the density ratio.

The effect of Prandtl and Schmidt number

In equations (7) through (11) it was shown
how the simple model could be corrected to
allow for the different rates of transfer of heat,
mass and momentum. These corrections are
only valid at low rates of mass transfer and it is
of interest to determine what modifications are
necessary if mass transfer is appreciable.

If one proceeds as in equations (14) and (15)
there is an immediate problem about which of
the velocities (u,),, (u.), or (u,), to use when these
are not all equal to u,. Two possibilities are at
once apparent:

(1) Use(u,), and modify the result by multiplying
by Pr™% or Sc™* to get the heat- and mass-
transfer coefficients.
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€n
€

Tm
T

1 1 | Il | | 1 J
o] 02 04 06 o8 -0 12 -4 16

m7e, ,/(%)

Fi1G. 5. Comparison of data of Pappas and Okuno with equations (44) and (45).
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Equation (45)

(2) Use the appropriate values of u, from (8-10)
throughout the analysis.
Following alternative (1) the result is

(em = 30[(un), — v]Pr—? (46)

€Im = 3P (Um)o — v]Sc™2. (47)
Using (11) and (12) we then find

(ec)m — (se)m —_ 1 m

€~ @) 26 W

Following the second alternative, on the other
hand, we get

(Ee)m = %p[(ue)o - U] (49)
(ac)m = %p[(uc)a - U] (50)
whence, using (11) and (12)
(ee)m _ _ l m — _ li 2
G | T2, T 26, O
(AT 1 m 1 m
(e—c)o— 1 —i(sc)o— 1 —§@SC§. (52)

A compromise between the above extreme

Equation (44) Reynolds number

Air Freon-12 Helium
087 x 106 O, [ &
{4 x 108 & O &

views of the situation, represented by equations
(48, 51, 52),is to adopt a logarithmic mean of the
influence of Prandtl number and Schmidt
number as follows,

1 m 1 m

(Ee)m

(82)0 =1—- i@;Pr”} =1- i@Pr* (533)
(dm _ Ilm o 4 1 m
G = 2G5 = g, 5 G

Equations (53a) and (53b) are compared with
the solutions of Evans [17] for the laminar
boundary layer on a flat plate in Fig. 7. In order
to make a direct comparison the equations have
been rearranged to the form

(Edm _ 1
€ 1+ 3[m/e)n] Sc™*

Method of using the theory

The above theory is used in essentially the
same way as has been explained in detail by
Spalding in his book [6]. Following Spalding’s
notation we consider three regions which define
a “lumped-parameter” description of the prob-
lem. These are:

(54)



454
10 o
5
>
/,’
-
08 /,/
/’/’/
rd
6 e ”
a“ .«3 e ///
3| % #
s
04} 3
Fd
,/
02 -/
14
12
i1
i H i 5 H
] o2 04 06 08 -0
My
M
T
5 -
A2
aE:
§1g
L] ) e
i H i i J
H 3 5 7 9 it
Mﬂ?
M

Fig. 6. Ratio of critical blowing rate for boundary-layer

separation, {mg,Ju,,, to critical blowing rate with injection

of gas of the same molecular weight as the main stream
(M.i)u» vs. molecular weight ratio M,,/M.

Various theories of Kutateladze and Leontiev [ 15];
------- Present theory.

The main flow. G state.

The region of fluid close to the wall. § state.

The interior of the wall {or adjacent fluid).
T-state.

The mixing flux ¢, transfers energy, matter
and momentum between the G and S states
whereas the net flow m carries the same con-
served properties from the T to the G state
(or in the other direction). The § and T states
are often considered to be in some form of
two-phase equilibrium although this is not
necessarily so (for example, a finite departure
from equilibrium is necessary to cause high
rates of boiling or condensation; injected gas
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may not be at the same temperature as the
layer close to the wall). Conservation equations
can be written for control volumes between
the Gand S, Sand T, or G and T states. Detailed
methods for defining the T state in complex
situations are given by Spalding.

10

es-]

o3

0-05

003

paad
100

FiG. 7. Comparison between equation (54) and the solutions
of Evans [17] for mass transfer in the laminar boundary
layer.

Writing a conservation equation for the $
layer for any conserved property X there
follows

mXy ~ Xg) = &ul Xg — Xs)e,.: (55)

The subscripts on the brackets have been added
to emphasize that the properties have to be
evaluated for the ¢, and m streams which may
be composed of completely different substances.
Equation (55) forms the basis for the defini-
tion by Spalding of a new parameter B, as

follows
m _(X¢ — X),

Bzw—x .
&m (X7 = Xg)m

(56)

By considering a model in which differential
transfer processes occur in series from the S to
the G state, Spalding arrived at an expression
for the influence of net mass transfer on the
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fluxes, as follows

& m
log {2} = —.
()%

This expression is symmetrical and is valid for
both positive and negative values of m. Further-
more, it is consistent with the molecular dif-
fusion laws for gases.

(57)

Comparison with the work of Kutateladze and
Leontiev

Kutateladze and Leontiev [15] considered
the effect of injection and suction on heat, mass
and momentum transfer through turbulent
boundary layers. Although the level of sophis-
tication of their analysis is considerably greater
than can be found in the present paper, many
of their conclusions are not appreciably dif-
ferent. One comparison has already been made
in Fig. 6, for example, A further interesting
prediction by these authors is for the modifica-
tion of wall shear stress due to injection of a
gas with the same molecular weight as the main
stream. With the present notation this becomes

£ m\? m\
e -

which is intermediate between the predictions
of equations (27) and (29) over most of the range
of positive values of m (Fig. 4).

SlF

Examples

The techniques for using the theory and a
comparison between the results which the
various equations predict are perhaps best
illustrated by some examples, as follows:

(1) The build-up of non-condensables near a
surface on which condensation is occurring. Sup-
pose that condensation is occurring on a surface
at a rate m’. Let the molal concentration of
non-condensables in the main vapor stream
be (¢,), and the concentration at the wall be
(Cawe

Since there is no source or sink of non-
condensables, the net fluxes to and from the
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wall must balance. Therefore, we have
Sl(ca}s = SZ(Ca)w (59)
whence, on rearrangement
Calw - +
(Cw _ 81 _tmtm (60)
(Ca)s & €m

Remembering that m' is the negative of m, we
obtain, on substitution from (57, 16, 17) and
(29), respectively

((Cc))“’ — exp(mfe,) (61)
or
(Caw 1+ 3mfe,
(ca)s B 1 - %m/go (62)
or
(Ca)w m
o= e m2e,) (63)

These three equations can be compared by
expanding them in turn as series in m/e,, as
follows.

2
exp (m/e,) = 1 +m/eo+£(§)
2\¢,
1 /m\?
1+ dmfe, 1 [m\?
1—_—%""‘17;;;‘—-1'1“”1/80"'5(;0‘)
1 3
+Z(§) ... (65
1+ Pexpm2e) = 1+ mle, + ()
€, p o/ — mga 2 60
1 3
+§(;—") +.... (66)

The three series are identical as far as the term
in (m/e,)* and are not very different in the cube
term. A graphical comparison is also shown in
Fig. 8.
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(2) Mass transfer from a surface into a flowing
gas stream. Consider mass transfer of component
“a” into a gas stream which contains both
components “a” and “b”. Denote the overall
pressure by P The partial pressures of the
components will add up to the total pressure

everywhere, therefore,

P,+P,=P. (67)

For small rates of mass transfer the mass flux
from the surface will be
(68)

(P — (Po)]

m—hDRT

if M, is the molecular weight of a, R the universal
gas constant, and subscripts wand s denote the
wall and the stream as before.

20

Equation(62}

m/e,

FiG. 8. Graphical comparison between equations (61-63)
for predicting the accumulation of non-condensables close
to the condensing surface.

Equation (68) can be expressed in terms of the
transverse velocity model, as follows,

m= 2 RT [(Pa)w - (Pa)s]' (69)

The superimposed net flow velocity from the

wall is

m RT
M P

v= (70)
Therefore, when v cannot be neglected in
comparison with u,, the mass transfer, which is
the sum of the contributions from the stream

approaching and the stream leaving the wall,
becomes
[, + v} (Po), —

(U, = v)(P,))  (71)

2RT

Using equation (67) together with (70) and (71)
we obtain

v[(Pb)s + (Pb)w] = uo[(Pa)w - (Pa)s] (72)

which is compatible with the condition that
the overall flux of b should be zero, i.e.

(U, + 0)(Py),, = (4, — V)(Py)s (73)
Eliminating v between (70) and (72) gives
M P
m - [(Pa)w - (Pa)s]' (74)

=Uy—
RT (Py), + (Py),,
Comparing (74) with (69) it is clear that the
effect of the net flow from the surface is to
increase the mass transfer in the ratio
2P
(Pb)s + (Pb)w.

If the same problem is approached via
equation (57) the analog of (73) is

&x(Py)y = €1(Py)s (75)
Use of (57) then gives
. (Pb)s
m/e, = log AR (76)

Interpreting m/e, as a ratio between molal

fluxes so that

g, = hp RT P 77
equation (76) becomes
(Pb)s
= == 78
m=hogr Plog s, 79

Compared with the prediction of equation (68).
the mass transfer is therefore augmented by the
factor
P (Py)s
(Pa)w - (Pa)s (Pb)w
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which in view of (67), is the same as
P (P b)s
(Pb)s - (Pb)w (Pb)w
This result can also be deduced from the laws
of molecular diffusion [18, 19].

In order to relate the predictions of the two
methods, we should compare the two ratios

2
(Py), + (Py),,

and
1 (Pp)s
lo .
Py — (P, (P,
Letting
(P b)s — 1 + y
(P b)w 1 - y
it is sufficient to show that
log it 2y (79)
-y

which is true up to terms of order y°. For
example, if (P,), = P, (Py), = P/2 we have
y = % and the error in equation (79) is less than
4 per cent.

Some further examples of the comparison
between the different theories and experimental
data are given in [14].

CONCLUSIONS

The equations, examples and graphical com-
parisons with experimental data which have
been presented in this paper clearly demon-
strate the power and utility of the Reynolds flux
concept. This concept can evidently be extended
far beyond the “Reynolds analogy” stage which
is too often accorded merely cursory attention
in current textbooks.

It is clear that the simplest model which
leads to equations (16) and (17) is adequate for
most practical purposes as long as the ratio
m/e, is less than unity. At higher values of
m/e, the accuracy of the theory deteriorates.
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However, this is just the point at which two-
dimensional effects in the main flow become
significant. This point will be discussed further
in the next part of this paper.

The formulation in terms of transverse
velocities is easier to deal with than the “mass
flux” model when several components of dif-
ferent molecular weight are present. It is
conceptually the simplest to imagine of the three
alternative theories and this is a real virtue for
teaching and presentation purposes. It is not
intended to compete with the level of accuracy
which can be achieved with more complex
analytical techniques, such as boundary-layer
theory, nevertheless it compares favorably with
most of these more complex methods over a
surprisingly wide range of conditions. It can be
exploited in all of the manifold ways indicated
by Spalding [6] as well as some additional
ways which are shown in this and the subsequent
paper.

The value of ¢, (or u,) must usually be de-
termined from a friction factor, heat-transfer or
mass-transfer correlation which has been estab-
lished for low values of m (or v). However, even
when such a correlation is not available the
theory provides a simple method for making
general predictions and for organizing experi-
mental results on a logical basis.
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Résumé—Cette séric de deux articles a I'objectif suivant: (1} Attirer P'attention sur P'utilité¢ du concept

du flux de Reynolds dans Ianalyse & but technique, pour comparer les différentes théories deschercheurs

antérieurs et pour présenter quelques developpements nouveaux. (2) Montrer comment le concept peut

étre appliqué pour prévoir les gradients de pression dans I'ébullition par convection forcée, I'ébullition

éclair et la condensation. Cette analyse est également reliée au mécanisme de production d’entropie dans
’écoulement diphasique.

Zusammenfassung— Diese aus zwei Arbeiten bestehende Abhandlung hat folgendes Ziel: (1) Die Niitzlich-

keit der Reynold’schen Flussiiberlegung fiir die Ingenieuranalysis darzulegen, um verschiedene Theorien

fritherer Untersuchungen zu vergleichen und einige neuere Entwicklungen anzugeben. (2) Die Uberlegung

auf die Berechnung von Druckgradienten beim Sieden unter Zwangskonvektion, bei Versprithen und

K ondensation anzuwenden. Diese Analyse bezieht sich auch auf den Mechanismus der Entropievermehrung
in der Zweiphasenstromung.

Amnoranas—[[annan paGora, COCTOAINAA U3 ABYX cTaTelt npogenana c nexnio : (1) npusneys
BHMMaHKE K 1eleco00pasHOCTH NPUMEHeHHA TOHATHA PefHONBICOBA NOTOKA JIIA HIMEHEPHRIX
PacyeToB, CPABHUTH DPasiHYHMe TEOPHMH APYrHX HCCHefoBaTedeli, a TAKEKe NPORIOKUTD
HOBHie paspaboTKy ; (2) HOKABATE, KAK 5TO MOHATHE MOMKHO IIPUMEHUTDb K PAcYeTy rpajiMeHToB
AABJIEHAA NPY KUIEHHU IPU BHHYKIEHHON KOHBEKIMN, MTHOBEHHOM MCTIAPEHMH M KOHJEHCA-
uu,

JauHH# aHANM3 TAKKe CBABAH C MEXAHHSMOM NPOU3BOJCTBA HHTPONHU B ABYXPasHOM

TIOTOKeE.



